We continue our study of the application of the conformal gravity theory to galactic rotation curves. Previously we had studied a varied 111 spiral galaxy sample consisting of high surface brightness galaxies, low surface brightness galaxies and dwarf galaxies. With no free parameters other than galactic mass to light ratios, we had found that the theory is able to account for the systematics that is observed in the entire set of galactic rotation curves without the need for any dark matter whatsoever. In the present paper we extend our study to incorporate a further 27 galaxies of which 25 are dwarf galaxies and provide updated studies of 3 additional galaxies that had been in the original sample, and again without dark matter find fully acceptable fits, save only for just a few galaxies that we find to be somewhat troublesome. Our current study brings to 138 the number of rotation curves of galaxies that have been accounted for by the conformal gravity theory. Since one of the primary ingredients in the theory is a universal contribution to galactic motions coming from matter exterior to the galaxies, and thus independent of them, our study reinforces one of the central concepts of the conformal gravity studies, namely that invoking dark matter should be viewed as being nothing more than an attempt to describe global physics contributions in purely local galactic terms.
I. INTRODUCTION
As a possible alternative to standard Einstein gravity, Weyl introduced conformal gravity in the very early days of general relativity. It is an attractive theory in that it is a pure metric theory of gravity that possesses all of the general coordinate invariance and equivalence principle structure of standard gravity while augmenting it with an additional symmetry, local conformal invariance, in which the action is left invariant under local conformal transformations on the metric of the form g µν (x) → e 2α(x) g µν (x) with arbitrary local phase α(x).
Under such a symmetry the gravitational action is uniquely prescribed to be of the form (see e.g.
[1])
where
is the conformal Weyl tensor and the gravitational coupling constant α g is dimensionless.
With the conformal symmetry forbidding the presence of any d 4 x (−g) 1/2 Λ term in the action, the conformal theory has a control over the cosmological constant that the standard Einstein theory does not, and through this control one is able to both address and resolve the cosmological constant problem [2] . Similarly, with the coupling constant α g being dimensionless, unlike standard gravity conformal gravity is renormalizable; and with it having been shown [2, 3] to be unitary at the quantum level, the theory is offered [4] as a consistent theory of quantum gravity in four spacetime dimensions.
With the conformal theory being a consistent, renormalizable quantum theory at the microscopic level, then just as with electrodynamics, one is assured that its macroscopic classical predictions are reliable and will not be ruined by quantum corrections. Consequently, application of the theory to astrophysical phenomena allows one to test the theory.
Early work in this direction was provided in [5] where the theory was used to fit the rotation curves of a set of 11 spiral galaxies, with the mass to light ratios (M/L) of the luminous optical disk of each galaxy being the only free parameters, and with no dark matter being required. More recently [6, 7] a systematic, broad-based study of the rotation curves of a varied set of 111 galaxies (consisting of high surface brightness galaxies, low surface brightness galaxies and dwarf galaxies) was made (the set included the original 11 galaxies and updates where available), and again acceptable fitting was obtained with the optical disk mass to light ratios of each galaxy being the only free parameters, and again with no dark matter being required. In this paper we extend the study of [6, 7] to a set of 30 galaxies that contains 20 of the dwarf galaxies described in [8] , 2 low surface brightness galaxies (LSB), 5 of the dwarf galaxies described in [9] , and updates of 3 galaxies (2 dwarf galaxies and an LSB) that were in the 111 galaxy sample, and report findings of the same quality as before.
With this latest study, the sample of galactic rotation curves that can be accounted for by the conformal theory now runs to 138.
II. GENERAL FORMALISM
The general formalism for applying the conformal theory to galactic rotation curves has been described in detail in [6, 7] , and we recall the main results. For the Weyl action I W given in (1), functional variation with respect to the metric g µν (x) generates a gravitational equation of motion of the form [1]
For the case of a static, spherically symmetric geometry, it was shown in [10, 11] that without loss of generality, the exact, all-order classical line element could be brought to the form
and that in terms of this line element the exact fourth-order equation of motion given in (3)
could be reduced to the remarkably simple fourth-order Poisson equation form
without any approximation whatsoever.
Solutions to (6) are of the form
whereB(r) is the general solution to ∇ 4B (r) = 0. With B ′ (r) evaluating to
and with the non-relativistic gravitational force being given by B ′ (r)c 2 /2, we recognize two classes of contribution to the force, a local contribution due to the first two terms in (8) and a global one due to the last two terms.
For a localized system such as a star whose source function f (r) is restricted to its interior 0 ≤ r ≤ r 0 region, only the first two integrals in (7) contribute to B(r > r 0 ) and yield
where 2β = 1 6
With the luminous material in a spiral galaxy typically being distributed with a surface
where L is the total luminosity, and with the potential produced by a single star being of the form V * (r) = −β * c 2 /r + γ * c 2 r/2 as per (9), the local galactic potential V LOC (r) is readily computed [1], with the contribution of the material in a galaxy to rotation velocities then being given by the very compact formula
where With the β * -dependent term in (11) being the standard galactic luminous Newtonian term, it is these global contributions together with the γ * -dependent term in (11) that are to replace dark matter, with dark matter potentially being nothing more than an attempt to describe global physics contributions in purely local galactic terms.
Since W µν given in (3) is zero in solutions that obey ∇ 4B (r) = 0, and since W µν vanishes in the conformal to flat Robertson-Walker (RW) geometry, theB(r) contribution is due to the background cosmology itself. For the specific form of the contribution, we recall [5, 10] that a coordinate transformation of the form
effects the metric transformation
With the bracketed term on the right-hand side of (13) being recognized as an RW geometry with an expressly negative definite K = −γ 2 0 /4, we see that in the rest frame of a galaxy, a K < 0 cosmological background acts as a universal linear potential γ 0 whose strength is independent of the galaxy of interest. Since as noted in [1] conformal gravity precisely produces such a K < 0 RW background, its effect on galactic rotation curves is to produce an effective universal linear potential term.
As regards the contribution due to inhomogeneities, it was noted in [6, 7] that if the exterior f (r) distribution starts at some typical cluster radius r clus , then in the r 0 ≤ r ≤ r clus region the contribution of the fourth integral in (7) acts like a quadratic de Sitter like potential with a strength
Since the integral in (14) is independent of the galaxy of interest, its contribution is universal for all galaxies, and since it is due to all the inhomogeneous material in the Universe, it would equally act on galaxies that are within clusters as well.
Finally, for weak gravity, and on scales r < r clus , we can augment (11) with the linear and quadratic potential terms, and obtain a total contribution v 2 TOT (R) to the centripetal velocity of the form
with associated asymptotic limit
Equation (15) is our key result, with the mass to light ratio of the luminous disk in v 2 LOC (R) being the only free parameter in any given galaxy, and with everything else being universal.
In [5] [6] [7] (15) was used to fit the galactic rotation curve data of a sample of 111 galaxies, and good fits were found, with the three universal parameters being given by
The value obtained for γ * entails that the linear potential of the Sun is so small that there are no modifications to standard solar system phenomenology, with the values obtained for N * γ * , γ 0 and κ being such that one has to go all the way to galactic scales before their effects can become as big as the Newtonian contribution. The value obtained for γ 0 shows it to indeed be of cosmological magnitude, with the value of κ being a typical 100 Mpc inhomogeneity scale, just as desired. Armed with the above analysis and the values of the 3 universal parameters as given in (17), we now proceed to apply (15) to the 30 galaxy sample.
III. CONFORMAL GRAVITY FITTING TO THE 30 GALAXY SAMPLE
The sample of galaxies we study is composed of a 24 spiral galaxy sample and a 6 galaxy sample. The 24 galaxy sample consists of 23 of the 27 galaxies that were studied in [12] as augmented by UGC 12732, with 6 dwarf galaxies being taken from the THINGS collaboration as reported in [9] . Of the 24 galaxies in the [12] [8] , 2 are LSB galaxies to which we had not previously applied conformal gravity fitting (F568-V1, F574-1), with the remaining galaxy being the LSB galaxy UGC 5750. Even though UGC 4325 and UGC 5750 had both been contained in our previously studied 111 galaxy sample, the data we use for them now are sufficiently different to warrant their inclusion here. (The remaining 4 galaxies studied in [12] (F583-1, F583-4, UGC 5005, UGC 6446) were all contained in our 111 galaxy sample and are not included here as there is no significant change in either the data or in our fits to them.) For the 21 dwarf galaxies we use the rotation curve data reported in [13] and [8] .
For F568-V1 and F574-1 we use the rotation curve data reported in [14] . For UGC 5750 we use the rotation curve data reported in [15] , data that extend to the much larger distances of significance to conformal gravity than had been considered in [7] . For the fitting we take B-band absolute luminosities and R-band optical disk scale lengths from [16] , [17] and [12] and references therein (using B-R=0.8 to extract the B-band luminosity of UGC 11861 from the R-band luminosity value listed in [17] ), except that for UGC 5750 we take the B-band luminosity from [18] . For the 24 galaxies we take HI gas masses from [17] and [12] .
The 6 galaxy sample presented in [9] consists of UGC 3851 (NGC 2366, DDO 42), UGC 4305 (Holmberg II, DDO 50), UGC 4459 (DDO 53), UGC 5139 (Holmberg I, DDO 63), UGC 5423 (M81dwB ), and UGC 5666 (IC2754, DDO 81). The galaxy UGC 5666 had been included in our earlier 111 galaxy study, but the data have changed sufficiently to warrant its being included here. (The remaining galaxy studied in [9] (DDO 154) was also contained in our 111 galaxy sample and is not included here as there has been no significant change in the data since then.) For the 6 dwarf galaxies we use the rotation curve data reported in [9] , and take B-band absolute luminosities and HI gas masses from [19] . For UGC 3851, UGC 4305 and UGC 5139 we take R-band disk scale lengths from [17] , for UGC 4459 and UGC 5423 we follow [9] and take disk scale lengths to be 5 times the z 0 scale heights they report, and for UGC 5666 we take the disk scale length from [20] .
In our theory the place where there is the most sensitivity to parameters is in the adopted distances to the individual galaxies, since the parameters γ * , γ 0 and κ that appear in (15) are given as absolute quantities. Moreover, for dwarf galaxies the parameter N * is usually so small that the N * γ * -dependent terms in (15) and (16) cannot compete with the γ 0 term, while the N * β * -dependent terms in (15) and (16) are falling off at the largest distances in galaxies where the mass discrepancy problem is the most severe, so they do not compete with the γ 0 term either. In addition, except for only a few cases, the dwarf galaxy data do not go out far enough from galactic centers for the κ term contribution to be that significant.
Hence the γ 0 c 2 R/2 term in (15) is the most relevant for our study, and it requires a good determination of the adopted distance to each galaxy.
To establish a common baseline for determining the needed adopted distances, for all the galaxies in our sample we follow our earlier studies [6, 7] and use the distances listed in the NASA/IPAC Extragalactic Database (NED). In this database distances are obtained either In Tables 1 and 2 we list the mean NED values for adopted distances to the 30 galaxies in our sample, and assemble all the optical and HI gas input data as determined at the NED mean distances. In Tables 1 and 2 we also list the values R last of the locations of the last data points in each of the 30 galaxies as determined at the NED mean distances. In the fitting we multiply the HI gas masses given in Tables 1 and 2 The rotation curve data that are displayed in Figs. 1 and 2 and the HI gas masses that are given in Tables 1 and 2 were obtained using the inclinations given in [12] and [9] as listed in Tables 1 and 2 .
Since the HI gas distributions of the galaxies in our sample are found to extend well beyond the associated optical disk regions [17] , just as in [6, 7] we have approximated the gas profiles as single exponential disks with scale lengths equal to 4 times those of the corresponding optical disks. For our purposes here this is very convenient as it allows us to use (11) as is for the gas contribution to v 2 LOC (R). Moreover, in the region in a galaxy where R is much greater than the gas scale length, the asymptotic (16) will then hold with N * now being understood to connote the stars and gas masses combined. Since for dwarf galaxies such a combined N * γ * c 2 R/2 term does not compete in (16) with the γ 0 c 2 R/2 term while the N * β * c 2 /R term is falling off, the γ 0 c 2 R/2 term will dominate in the outer region regardless of what specific values for the gas scale lengths we might actually use. With the use of single exponential disks for the gas distributions, we can then directly monitor the outer regions of rotation curves, the regions where the galactic mass discrepancy problem is at its most pronounced. As regards the inner rotation curve regions, even though there could be some sensitivity to the forms we might use for the gas distributions, in practice we found fits of essentially identical quality using a variety of smaller gas scale length to optical scale length ratios, and in this paper only report the fits we obtain in which the gas to optical scale length ratios are taken to be equal to 4 in each galaxy.
To get an immediate sense of the expectations of the conformal theory, we fit the rotation curves of the 30 galaxies in our sample using the input data listed in Tables 1 and 2 as is, without regard to any uncertainties in adopted distances or galactic inclinations. In Figs. 1 and 2 we present the resulting rotational velocities with their quoted errors (in km sec −1 ) for all of the 30 galaxies as plotted as functions of radial distances from galactic centers (in kpc). For each galaxy we have exhibited the contribution due to the luminous (stars plus gas) Newtonian term alone (dashed curve), the contribution from the two linear terms alone (dot dashed curve), the contribution from the two linear terms and the quadratic term combined as per (15) (dotted curve), with the full curve showing the total contribution.
In Tables 1 and 2 we list the fitted optical disk masses and mass to light ratios that we obtained in the conformal gravity fitting. As described in [7] , we constrained the fits so that the mass to light ratios would not be less than 0.2 nor larger than 10.0. The mass to light ratios that we obtain are typical of the values that one ordinarily obtains in galactic rotation curve fitting, and are reasonably close to the M/L ratio in the local solar neighborhood.
As we see, use of the tightly constrained (15) and the tightly constrained input values given in Tables 1 and 2 captures the general trend of the data to a remarkably good degree, and does so without needing any dark matter whatsoever. The fact that our fits work so well even though the velocities are dominated by a single galaxy-independent universal γ 0 c 2 R/2 term in (15) is thus a quite noteworthy achievement for our theory.
In the fitting the only real concern we have is for UGC 5721, UGC 7577 and UGC 4305, as their overall normalizations are not well accounted for. Improved fitting for these 3 galaxies can be obtained by using NED distances as modified by one standard deviation distance uncertainties, and by using different inclination angles. For UGC 5721 we found it advantageous to increase the adopted distance by one standard deviation and increase the inclination by 10 degrees. In addition, for UGC 5721 we took advantage of the uncertainty in the disk scale length reported in [21] , and also incorporated an optical disk thickness correction of the form f (z) = sech 2 (z/z 0 )/2z 0 with z 0 = R 0 /5 as per the formalism given in [1]. For UGC 7577 we found it advantageous to decrease the adopted distance by one standard deviation, and on adding (in quadrature) an overall asymmetric drift error of 3 km sec −1 that was reported in [8] but not allowed for in the velocity errors shown in Fig. 1 one standard deviation and reduce the inclination by 5 degrees, to then be midway between the inclinations of 50 degrees and 40 degrees that were respectively reported in [9] and [8] .
For 4 other of the galaxies we also have concerns, though they are mild, and making analogous adjustments proved beneficial. For UGC 7399 we found it advantageous to increase the adopted distance by one standard deviation. For UGC 4173 we found it advantageous to reduce the inclination angle by 5 degrees, for UGC 8490 we increased the inclination by 10 degrees, and for UGC 3851 we increased the adopted distance by one standard deviation.
With all the above changes we obtained the fits given in Fig. 3 , with the associated parameters being listed in Table 3 . The fitting to the galaxy UGC 5666 is of interest in that while we had found it beneficial to increase its adopted distance by one standard deviation in our earlier study of it [7] , with the new data we can now use the NED mean distance as is.
With the adjustments we have made, the only galaxy for which we still have some difficulty is UGC 5721, since even though the conformal theory could readily reproduce the rotation curve in either the outer region or the inner region alone (not shown), the presented eyeball fit represents the result of trying to accommodate both regions simultaneously. However, it was noted in [8] that for this galaxy the inner rotation curve points are uncertain because of insufficient angular resolution, while in [16] it was noted that that there is evidence for twisting isophotes in the central region, to thus suggest additional structure in the inner region of this galaxy. We have not taken any such inner region structure into consideration in our fitting. Apart from this one inner region concern and apart from the use of a somewhat large inclination shift for UGC 7577, the conformal theory is otherwise found to account for the rotation curve data of the entire 30 galaxy sample to a quite remarkable degree.
IV. GENERAL COMMENTS
The cumulative set of 138 galaxy fits presented here and in [6, 7] is noteworthy in that the universal γ 0 and κ terms have no dependence on individual galactic properties whatsoever and yet have to work in every single case. Our fits are also noteworthy in that we have captured the essence of the rotation curve data even though we have imposed some rather strong constraints on the input parameters. For adopted distances in most cases we have used NED mean values. We have not used actual surface brightness distributions or actual gas profiles but have treated these distributions simply as single exponentials. On the theoretical side our fits are noteworthy in that (15) is not simply a phenomenological or empirical formula that was extracted solely from consideration of the systematics of galactic rotation curves. Rather, (15) was explicitly derived from first principles in a fundamental, uniquely prescribed metric-based theory of gravity, namely conformal gravity. Moreover, conformal gravity itself was not even advanced for the purposes of addressing the dark matter problem. Rather, before it was known what its static, spherically symmetric solutions might even look like, it was advanced by one of us [22] simply because it had a symmetry that could control the cosmological constant. Our fitting is thus quite non-trivial.
Since the conformal gravity fits do capture the essence of the data, it is important to ask how it is that a theory with so few adjustable parameters is actually able to do so. As was already noted in [6, 7] for the 111 galaxy sample, those data are such that the value of the quantity (v 2 /c 2 R) last as measured at the last data point for each of those galaxies is close in value to γ 0 across the entire 111 galaxy sample. As we see from the last column in Table 1, this very same last data point near universality is also possessed by the additional galaxies that we study here, with all of the (v 2 /c 2 R) last values clustering close to the numerically extracted universal value for the parameter γ 0 .
With regard to the near universality of (v 2 /c 2 R) last , we should note that this is an empirical property of the raw data themselves. Moreover, while there may be some uncertainties in the adopted distances to the galaxies, such uncertainties are never more than a factor of two or so. With the velocities being uncertain to no more than 10 to 20 per cent or so, the near universality of (v 2 /c 2 R) last is thus a genuine property of the data. It should thus be regarded as an important empirical clue for galactic dynamics.
Apart from conformal gravity, Milgrom's MOND theory [23] and Moffat's MSTG theory [24] equally succeed in explaining galactic rotation curves without invoking dark matter.
Each of these particular theories has an assumed universal parameter (a 0 /c 2 = 1.33 × 10 −29 cm −1 for MOND, and G 0 M 0 /r 2 0 c 2 = 7.67×10 −29 cm −1 for MSTG), and in consequence each is able to account for the data. Now these two theories and the conformal theory predict differing behaviors at larger distances, As discussed in [7] , the MOND theory typically requires asymptotic flatness of rotation curves, the MSTG theories requires Kepler behavior at large distances, while the conformal theory requires a fall in rotation velocities to zero at R ∼ γ 0 /κ, and a thus finite size to galaxies. Given such differing behaviors, it should eventually be possible to phenomenologically distinguish between these various theories.
It is important to recognize that for conformal gravity fitting (and likewise for MOND and MSTG) the only input one needs is the luminous matter distribution. Then, with only one free parameter per galaxy (viz. the galactic M/L ratio) rotation velocities are completely determined; and as Tables 1 and 2 show, by and large the M/L ratios are all found to be of order the local solar neighborhood M/L ratio, just as one would want. Moreover, since the M/L ratios are effectively determined by the inner rotation curve region data alone, the linear and quadratic terms being at their smallest there, the outer region fitting is then essentially parameter free.
It is important to contrast conformal gravity fitting with dark matter fitting to galactic rotation data. For dark matter fits one first needs to know the velocities so that one can then ascertain the needed amount of dark matter, i.e. in its current formulation dark matter is only a parametrization of the velocity discrepancies that are observed and is not a prediction of them. Even with the freedom to treat galactic mass to light ratios as free parameters, dark matter theory has yet to develop to the point where it is able to determine rotation curve velocities from a knowledge of the luminous matter distribution alone. Nor is it currently able to provide an explanation for the near universality that is found for (v 2 /c 2 R) last . Thus dark matter theories, and in particular those theories that produce dark matter halos in the early Universe (such as the NFW theory [25]), are currently unable to make an a priori determination as to which halo is to go with which particular luminous matter distribution, and need to fine-tune halo parameters to luminous parameters galaxy by galaxy.
The lack to date of any such underlying universal structure or of any explanation for the near universality of (v 2 /c 2 R) last is more than just a challenge to dark matter theory, it runs counter to the very motivation that led to the acceptance of Newtonian gravity in the first place. Specifically, the great appeal of Newtonian gravity was not just that it explained planetary orbits via an inverse square force, but that it did so through the use of a solar potential that possessed just one universal parameter, viz. the solar Schwarzschild radius M ⊙ G/c 2 , that was to control the orbits of all the planets in the solar system. If universal
Newtonian gravity is to continue to hold on galactic distance scales, then galactic orbits (and particularly those beyond the galactic optical disk region) should also be explainable in terms of just one parameter, viz. the galactic Schwarzschild radius
if dark matter is to be the explanation, then both the dark to luminous matter mass ratio and the relation between the spatial distributions of dark and luminous matter should be universal to all galaxies, with rotation curves then being determinable from a knowledge of the luminous mass of the galaxy and its spatial distribution alone. It is the lack of any such universality in dark matter theory that leads to the need to fine-tune its halo parameters galaxy by galaxy. In contrast, no such fine-tuning shortcomings appear in conformal gravity, and if standard gravity is to be the correct description of gravity, then a universal formula akin to the one given in (15) would need to be derived by dark matter theory. However, since our study establishes that global physics has an influence on local galactic motions, the invoking of dark matter in galaxies could potentially be nothing more than an attempt to describe global physics effects in purely local galactic terms. 
